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EXCEPTIONAL LEGENDRE POLYNOMIALS VIA ISOSPECTRAL
DEFORMATION AND CONFLUENT DARBOUX TRANSFORMATIONS.
MARI´A A´NGELES GARCI´A-FERRERO, DAVID GO´MEZ-ULLATE, AND ROBERT MILSON
Abstract. Exceptional orthogonal polynomials are families of orthogonal polynomials that arise
as solutions of Sturm—Liouville eigenvalue problems. They generalize the classical families of
Hermite, Laguerre, and Jacobi polynomials by allowing for polynomial sequences that are missing
a finite number of “exceptional” degrees. In this note we sketch the construction of multi-
parameter exceptional Legendre polynomials by considering the isospectral deformation of the
classical Legendre operator. Using confluent Darboux transformations and a technique from
inverse scattering theory, we obtain a fully explicit description of the operators and polynomials
in question.
Exceptional orthogonal polynomials (XOP) are complete families of orthogonal polynomials that
arise as eigenfunctions of a SturmLiouville eigenvalue problem [10]. XOP are more general than
classical OP, because the degree sequence of the polynomial family can have a finite number of miss-
ing, “exceptional” degrees. As in the classical theory, XOP fall into three broad classes: Hermite,
Laguerre, and Jacobi, depending on whether the domain of orthogonality is the full line, the half-
line, or a finite interval [6]. Unlike the classical case, the corresponding exceptional second-order
operator has rational rather than polynomial coefficients.
Exceptional polynomials appear in mathematical physics as bound states of exactly solvable
rational extensions [14, 22, 25] and exact solutions to Dirac’s equation [26]. They appear also in
connection with super-integrable systems [20, 24] and finite-gap potentials [16]. From a mathe-
matical point of view, the main results are concerned with the full classification of exceptional
polynomials [6, 11], properties of their zeros [9, 17, 19], and recurrence relations [4, 12, 21, 23].
At the time of this writing, the most general construction of exceptional Jacobi polynomials [5] [2]
involves a finite number of discrete parameters and is given in terms of a Wronskian-like determinant
of classical Jacobi polynomials. The purpose of this note is to show that the class of exceptional
orthogonal polynomials is much richer than previously thought. We do this by studying the class of
exceptional Legendre polynomials, which cannot be obtained using the standard approach of multi-
step Darboux transformations indexed by partitions. The main novelty of the new families is that
they contain an arbitrary number of continuous deformation parameters. Another innovation is the
use of integral rather than differntial operators in the construction of the exceptional polynomials.
Definition 1. Let τ = τ(z) be a polynomial. We say that an operator
(1) Tˆ (τ) = (1 − z2)
(
D2z − 2
τz
τ
Dz +
τzz
τ
)
− 2zDz,
is an exceptional Legendre operator if there exist polynomials and constants Pˆi(z), λi i ∈ N0 such
that
Tˆ (τ)Pˆi = λiPˆi
and such that the degree sequence {deg Pˆi : i ∈ N0} is missing finitely many “exceptional” degrees
[10].
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Note that, in making this definition, we are not assuming that deg Pˆi = i. As a direct consequence
of this definition, if τ(z) has no zeros on [−1, 1], and if the eigenvalues are distinct, then the resulting
eigenpolynomials are orthogonal relative to the inner product
(2)
∫ 1
−1
Pˆi1 (z)Pˆi2(z)
τ(z)2
dz = 0 i1 6= i2.
Such a family of polynomials Pˆi(z), i ∈ N0 belongs to the class of exceptional Jacobi polyno-
mials with parameters α = β = 0. However, as [2, (2.36)] clearly indicates, it is impossible to
construct exceptional Legendre polynomials using a multi-index determinant labelled by two parti-
tions [5, (5.1)] [2, (2.29)]. The construction of exceptional Legendre polynomials requires a different
approach.
It can be shown that every exceptional operator can be related to a classical Bochner operator
by a finite number of Darboux transformations [6, Theorem 1.2]. In particular this is true for an
exceptional operator having the form (1), with the degree of τ(z) equal to the number of exceptional
degrees [6, Theorem 6.7]. In this note we consider a class of such exceptional operators that are
related to the classical Legendre operator
(3) T := Tˆ (1) = (1− z2)D2z − 2zDz
by the “double commutator” method [8], also known as a confluent Darboux transformation (CDT)
[15]. A CDT applied within a spectral gap of a second-order self-adjoint operator serves to add one
eigenvalue to the spectrum. We will relate T to Tˆ (τ) by a chain of CDTs, but the commutation
procedure we consider is performed at an existing eigenvalue. The resulting spectral transformation
“deletes” an existing eigenvalue and then “adds” it back1. The overall effect is that of an isospectral
transformation [18].
An important feature of the CDT is that it naturally introduces a deformation parameter. As
was already mentioned, known instances of exceptional Jacobi polynomials are indexed by discrete
parameters and cannot be continuously deformed into their classical counterparts. By contrast,
the exceptional Legendre operator T (tm) = Tˆ (τ(z; tm)) that we introduce below is an isospectral
deformation of the classical Legendre operator that, in a formal sense, depends on infinitely many
deformation parameters tm = (t0, t1, t2, . . .) wherem = (0, 1, 2, . . .). The corresponding exceptional
Legendre polynomials Pi(z; tm), i ∈ N0 serve as polynomial eigenfunctions of T (tm) and can be
continuously deformed to the classical Legendre polynomials Pi(z), i ∈ N0 by sending tm → 0.
By limiting the deformation to a finite number of parameters, we arrive at concrete instances of
exceptional Legendre operators and polynomials that depend on n parameters tm = (tm1 , . . . , tmn),
where m = (m1, . . . ,mn) ∈ N
n
0 .
Adapting certain methodologies from the theory of inverse scattering [1] [3] [27], we are able
to exhibit a determinantal representation of τ(z; tm) that is formally similar to the construction
of KdV multi-solitons. The difference here is that, instead of dressing the zero potential, we
isospectrally deform a particular instance of the Darboux–Poschl–Teller potential [13] by modifying
the normalizations of a finite number of the corresponding bound states. Another feature of our
approach is that, rather than working with a Schro¨dinger operator, we remain in a polynomial
setting by utilizing the gauge and coordinate of the Legendre operator. The result is a constructive
procedure that can be easily implemented using a computer algebra system.
1This is true in a formal sense only, as the intermediate potential is singular.
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The base case of the construction is the classical Legendre operator T , shown in (3), and the
classical Legendre polynomials [28]
(4) Pi(z) :=
2−i
i!
Diz(z
2 − 1)i = 2−i
i∑
k=0
(
i
k
)2
(z − 1)i−k(z + 1)k, i ∈ N0.
These classical orthogonal polynomials do have degPi = i; satisfy the eigenvalue relation
TPi = −i(i+ 1)Pi, i ∈ N0 ;
and are orthogonal and L2-complete relative to the inner product∫ 1
−1
Pi1(z)Pi2(z)dz =
2
2i1 + 1
δi1i2 , i1, i2 ∈ N0.
We are now going to fix some notation, after which we will state our main results. Define
polynomials
(5) Ri1i2(z) :=
∫ z
−1
Pi1(u)Pi2 (u)du i1, i2 ∈ N0.
For an n-tuple m = (m1, . . . ,mn) ∈ N
n
0 , let Rm(z; tm1 , . . . , tmn) denote the n × n matrix with
entry δkl + tmlRmk ml(z) in position (k, l), k, l = 1, . . . , n. Set
τm(z; tm) = detRm(z; tm), tm = (tm1 , . . . , tmn),(6)
Pm(z) = (Pm1(z), . . . , Pmn(z))
T ,
Pm(z; tm) = τm(z; tm)Rm(z; tm)
−1
Pm(z).(7)
Note that, by construction, τm(z; tm) is symmetric in m = (m1, . . . ,mn), that Pm(z; tm) is
equivariant with respect to permutations of m, and that the kth component of Pm(z; tm) does
not depend on tmk , k = 1, . . . , n. Let Pi;m(z; tm) denote the first entry of P i,m(z; ti, tm). By the
previous remark, Pi;m does not depend on ti, and is also symmetric in m1, . . . ,mn.
For example,
τm1(z; tm1) = 1 + tm1Rm1m1(z)
Rm1m2(z; tm1 , tm2) =
(
1 + tm1Rm1m1(z) tm2Rm1m2(z)
tm1Rm1m2(z) 1 + tm2Rm2m2(z)
)
τm1m2(z; tm1 , tm2) = 1 + tm1Rm1m1(z) + tm2Rm2m2(z) + tm1tm2(Rm1m1(z)Rm2m2(z)−Rm1m2(z)
2)
Pm1m2(z; tm1 , tm2) =
(
(1 + tm2Rm2m2(z))Pm1(z)− tm2Rm1m2(z)Pm2(z)
(1 + tm1Rm1m1(z))Pm2(z)− tm1Rm1m2(z)Pm1(z)
)
Pi;m(z; tm) = (1 + tmRmm(z))Pi(z)− tmRim(z)Pm(z).
Theorem 1. For m ∈ Nn0 , the operator
(8) T (tm) := Tˆ (τm(z; tm)),
with the latter as per (1) and (6), is an exceptional Legendre operator that satisfies
(9) T (tm)Pi;m(z; tm) = −i(i+ 1)Pi;m(z; tm), i ∈ N0.
In light of (9), we may refer to Pi;m(z; tm) where i ∈ N0 varies and m and tm are fixed, as
exceptional Legendre polynomials provided τm(z; tm) does not vanish on [−1, 1]. The following
Theorem gives necessary and sufficient conditions for this to be true. In that case, like their
classical counterparts, exceptional Legendre polynomials are orthogonal and complete.
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Theorem 2. Suppose that (m1, . . . ,mn) ∈ N
n
0 are distinct. Then, the function τm(z; tm) has no
zeros on [−1, 1] if and only if
tj > −mj − 1/2, j ∈ {m1, . . . ,mn}.
If the above conditions hold, then∫ 1
−1
(
Pi1;m(u; tm)Pi2;m(u; tm)
τm(z; tm)2
)
du =
2
1 + 2i1 + 2(δi1m1 + · · ·+ δi1mn)ti1
δi1i2 , i1, i2 ∈ N0.
Moreover, if the above conditions hold for a given tm, then the polynomials Pi;m(z; tm), i ∈ N0 are
L2-complete in [−1, 1] relative to the measure τm(z; tm)
−2dz.
Note that we could reformulate the above result without the assumption that m1, . . . ,mn are
distinct. However, there is no benefit to this, as demonstrated by Proposition 8 below. Prohibiting
duplication in the indices m1, . . . ,mn does not entail any loss of generality.
We now collect a number of relevant Propositions and then turn to the proofs of the Theorems.
Definition 2. Let T1, T2 be second-order operators with rational coefficients. We will say that
T1, T2 are related by a rational confluent Darboux transformation if there exist first-order operators
A1, A2, B1, B2, all with rational coefficients, and a constant λ such that
A1B1 = A2B2,
T1 = B1A1 + λ, T2 = B2A2 + λ.
Given polynomials τ(z), φ(z), define the rational operators
A(τ, φ) := τ−1 (φDz − φz)
B(φ, τ) := A(φ, τ) ◦ (1− z2) = φ−1
(
(1− z2) (τDz − τz)− 2zτ
)
Propositions 1, 2, and 3, below, exhibit key properties of pairs of exceptional Legendre operators
and corresponding eigenpolynomials that are related by CDTs. They can all be verified by direct
calculation.
Proposition 1. Let τ(z), pii(z), i ∈ N0 be polynomials such that
(10) Tˆ (τ)pii = λipii, λi1 6= λi2 if i1 6= i2, i, i1, i2 ∈ N0.
For m ∈ N0, suppose that
ρmm(z) :=
∫ z
−1
pim(u)
2
τ(u)2
du
defines a rational function that vanishes at z = −1, and that
(11) τm(z; t) := τ(z) (1 + tρmm(z)) ,
is a polynomial. Then, Tˆ (τ) and Tˆ (τm) are related by a rational CDT with
A(τ, pim)B(pim, τ) = A(τm, pim)B(pim, τm),
Tˆ (τ) = B(pim, τ)A(τ, pim) + λm,
Tˆ (τm) = B(pim, τm)A(τm, pim) + λm.
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Proposition 2. Let τ(z), pii(z), i ∈ N0 be polynomials. Let m ∈ N0, and suppose that τm(z) as
defined in (11) is a polynomial. Also suppose that
ρi1i2(z) =
∫ z
−1
pii1(u)pii2(u)
τ(u)2
du, i1, i2 ∈ N0(12)
defines rational functions that vanish at z = −1, and that
pii;m(z; t) = (1 + tρmm(z))pii(z)− ρim(z)pim(z), i ∈ N0.(13)
are polynomials. Then, for i ∈ N0, we have
(λm − λi)ρim = (1− z
2)τ−1A(τ, pim)pii,
(λm − λi)pii;m = B(pim, τm)A(τ, pim)pii
Tˆ (τm)pii;m = λipii;m.
Proposition 3. Let τ(z), pii(z), τm(z), ρi1i2(z), pii;m(z; t), where m, i, i1, i2 ∈ N0, be as above. As-
sume that (10) holds, that ρi1i2(z) are rational functions that vanish at z = −1, and that τm(z), pii;m(z; t)
are polynomials. Then,∫ z
−1
pii1 ;m(u; t)pii2;m(u; t)
τm(u)2
du = ρi1i2(z)−
tρi1m(z)ρi2m(z)
1 + tρmm(z)
, i1, i2 ∈ N0.(14)
Proposition 4. Apply the same assertions as in Proposition 3. Moreover, assume that τ(z) > 0
for z ∈ [−1, 1], that νi > 0, i ∈ N0 are constants such that∫ 1
−1
pii1 (u)pii2(u)
τ(u)2
du = νi1δi1i2 ,
and that the rational functions pii(z)τ(z)
−1, i ∈ N0 are L
2 complete relative to the Lebesgue measure
on [−1, 1]. Let m ∈ N0 and set
νi;m :=
{
νi if i 6= m;
(t+ ν−1m )
−1 if i = m.
Then, τm(z) > 0 on [−1, 1] if and only if νm;m > 0. If that is the case, then
(15)
∫ 1
−1
pii1;m(u)pii2;m(u)
τm(u)2
du = νi1;mδi1i2 , i1, i2,m ∈ N0.
Moreover, the rational functions pii;m(z)τm(z)
−1, i ∈ N0 are also L
2-complete in [−1, 1] relative to
the Lebesgue measure.
Proof. First, note that (15) is true in a formal sense. By (14), the rational function
ρi1i2;m(z; t) := ρi1i2(z)−
tρi1m(z)ρi2m(z)
1 + tρmm(z)
is defined by the integral on the LHS of (14). Furthermore, since we are assuming that
ρi1i2(1) = δi1i2νi1 ,
we have
ρi1i2;m(1; t) = δi1i2
(
νi1 − δi1m
tν2m
1 + tνm
)
= δi1i2νi1;m.
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By (11), τm(z) is positive on z ∈ [−1, 1] if and only if the same is true for 1 + tρmm(z). Since
ρmm(z) is an increasing function, the latter is true if and only if 1 + tνm > 0. Observe that
ν−1m;m = t+ ν
−1
m = ν
−1
m (1 + tνm).
Hence τm(z) is positive on z ∈ [−1, 1] if and only if νm;m > 0.
Finally, we prove completeness. We assume that the eigenpolynomials pii(z), i ∈ N0 are L
2-
complete in [−1, 1] relative to τ(z)−2dz. Following an argument adapted from the appendix of [1],
we re-express the completeness assumption as∑
i∈N0
ν−1i
pii(z)
τ(z)
pii(w)
τ(w)
= δ(z − w),
where the equality is understood in distributional sense on [−1, 1]× [−1, 1]. Rewrite (12) as
ρi1i2(z) =
∫ 1
−1
θ(z − u)
pii1(u)pii2(u)
τ(u)2
du, i1, i2 ∈ N0,
where θ(z) denotes the Heaviside step function. It follows that∑
i
ν−1i
pii(z)
τ(z)
ρij(w) = θ(w − z)
pij(z)
τ(z)
, j ∈ N0;
∑
i
ν−1i ρij(z)ρij(w) = θ(w − z)ρjj(z) + θ(z − w)ρjj(w).
By (11) and (13), we have
pii;m(z)
τm(z)
=
pii(z)
τ(z)
− tρim(z)
pim(z)
τm(z)
, i ∈ N0 ,
tρmm(z)
τm(z)
=
1
τ(z)
−
1
τm(z)
.
Therefore, making use of the previous identities,∑
i∈N0
ν−1i;m
pii;m(z)
τm(z)
pii;m(w)
τm(w)
=
= t
pim;m(z)
τm(z)
pim;m(w)
τm(w)
+
∑
i∈N0
ν−1i
pii;m(z)
τm(z)
pii;m(w)
τm(w)
= t
pim(z)
τm(z)
pim(w)
τm(w)
+
∑
i∈N0
ν−1i
(
pii(z)
τ(z)
− tρim(z)
pim(z)
τm(z)
)(
pii(w)
τ(w)
− tρim(w)
pim(w)
τm(w)
)
= t
pim(z)
τm(z)
pim(w)
τm(w)
+ δ(z − w)− t θ(w − z)
pim(z)
τ(z)
pim(w)
τm(w)
− t θ(z − w)
pim(z)
τm(z)
pim(w)
τ(w)
+ t2 (θ(w − z)ρmm(z) + θ(z − w)ρmm(w))
pim(z)
τm(z)
pim(w)
τm(w)
= δ(z − w).

The following two Propositions formulate recursive alternatives to the definitions (6) and (7).
These formulations will allow us to apply the preceding Propositions to formulate an inductive
proof of the main theorems.
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Proposition 5. Writing mˆ = (m2, . . . ,mn) and m = (m1, . . . ,mn), recursively define
(16) Ri1i2;m(z; tm) = Ri1i2;mˆ(z; tmˆ)−
tm1Ri1m1;mˆ(z; tmˆ)Ri2m1;mˆ(z; tmˆ)
1 + tm1Rm1m1;mˆ(z; tmˆ)
, i1, i2 ∈ N0,
with Ri1i2(z) as per (5). Letting m˜ = (m3, . . . ,mn), we then have
(17)
(
1 + tm1Rm1m1;m˜(z; tm˜) tm2Rm1m2;m˜(z; tm˜)
tm1Rm1m2;m˜(z; tm˜) 1 + tm2Rm2m2;m˜(z; tm˜)
)−1
=M12
(
Rm(z; tm)
−1
)
,
where M12 denotes the top left 2× 2 submatrix of the indicated matrix.
Proof. Apply the Desnanot-Jacobi (Sylvester) identity. 
Proposition 6. Let Ri1i2;m(z; tm) be as per (16) and τm(z; tm), Pi;m(z; tm) as per (6) (7). Writ-
ing mˆ = (m2, . . . ,mn), we then have
τm(z; tm) = (1 + tm1Rm1m1;mˆ(z; tmˆ)) τmˆ(z; tmˆ);(18)
Pi;m(z; tm) = (1 + tm1Rm1m1;mˆ(z; tmˆ))Pi;mˆ(z; tmˆ)(19)
− tm1Pm1;mˆ(z; tmˆ)Rim1;mˆ(z; tmˆ), i ∈ N0.
We also have,
Ri1i2;m(z; tm) =
∫ z
−1
Pi1;m(u; tm)Pi2 ;m(u; tm)
τm(u; tm)2
du, i1, i2 ∈ N0,(20)
where, again, the integral denotes an anti-derivative that vanishes at z = −1.
Proof. The recursive relations (18) (19) follow from (17) and the definitions (6) (7). Relation (20)
follows by Proposition 3 and by induction on n. 
Proposition 7. Let m = (m1, . . . ,mn), and suppose that m1, . . . ,mn are distinct. Let τm, Pi;m
be as defined in (6) and (7). Then,
degz τm(z; tm) = 2(m1 + . . .+mn) + n,(21)
degPi;m(z; tm) = (1− 2(δi,m1 + · · ·+ δi,mn))i + 2(m1 + . . .+mn) + n, i ∈ N0.(22)
Moreover,
(23) Pmk;m(z; tm) = Pmk;m(k)(z; tm(k)), k = 1, . . . , n,
where m(k) ∈ Nn−10 denotes the tuple obtained by removing the k
th entry of m.
Remark: relation (23) accounts for the above Kronecker delta terms in (22).
Proof. Apply the recursive relations (18) (19) and (16). 
Proof of Theorems 1 and 2. Relation (9) follows from Propositions 1, 2 3 and by induction on n.
Proposition 7 implies that the degree sequence degPi;m, i ∈ N0 is missing 2(m1 + · · · +mn) + n
degrees. Therefore, T (tm) is an exceptional Legendre operator. Theorem 2 follows from Proposition
4 by induction on n. 
Recursive relations (16) (18) (19) also allow us to handle degenerate cases where some of the
indices m1, . . . ,mn are repeated.
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Proposition 8. Let τm, Pi;m be as defined in (6) and (7). We have
τj,j,m(z; tj, tj , tm) = 2τj,m(z; tj, tm)− τm(z; tm) ,
Pi;j,j,m(z; tj, tj , tm) = 2Pi;j,m(z; tj , tm)− Pi;m(z; tm) .
As a consequence, if j,m1, . . . ,mn ∈ N0 are distinct, then
τj,j,m(z; tj, tj , tm) = τj,m(z; 2tj, tm) ,
Pi;j,j,m(z; tj, tj , tm) = Pi;j,m(z; 2tj, tm) .
In other words, repeated application of a 2-step confluent Darboux transformation at the same
eigenvalue only serves to modify the deformation parameter.
To conclude, by way of example, here are the exceptional Legendre polynomials and orthogonality
relations for the cases of n = 1 and n = 2. For the 1-parameter case:
τm(z; tm) = 1 + tmRmm(z), m ∈ N0 ,
Pi;m(z; tm) = (1 + tmRmm(z))Pi(z)− tmRim(z)Pm(z), i ∈ N0.
Note that Pm;m(z) = Pm(z). The degrees of the other polynomials are
degPi;m(z) = i+ 2m+ 1, i 6= m.
The corresponding exceptional operator is T (tm) = Tˆ (τm(z; tm)) with the latter as per (1). The
orthogonality relations are∫ 1
−1
Pi;m(u; tm)Pj;m(u; tm)
τm(u; tm)2
du =
2
1 + 2i
δij , i 6= m ;∫ 1
−1
Pm;m(u; tm)
2
τm(u; tm)2
du =
2
1 + 2m+ 2tm
.
The above example illustrates perfectly the isospectral nature of the CDT that relates T (1) →
T (tm). The eigenvalues of the two operators are the same. As for the eigenfunctions, if tm 6= 0,
then for i 6= m they are transformed, but their norms stay the same. On the other hand, for i = m
the opposite happens: the eigenfunction does not change but its norm does.
Here are the 2-parameter exceptional Legendre polynomials. Letting m = (m1,m2), we have
τm(z; tm) = τm1(z; tm1)τm2(z; tm2)− tm1tm2Rm1m2(z)
2 ,
Pi;m(z; tm) = Pi(z)τm(z; tm)− Pm1(z)tm1τm2(z; tm2)Ri,m1;m2(z; tm2)
− Pm2(z)tm2τm1(z; tm1)Ri,m2;m1(z; tm1) ,
where
Ri,j;m(z; tm) =
∫ z
−1
Pi;m(u; tm)Pj;m(u; tm)
τm(u; tm)2
du
= Rij −
tmRim(z)Rjm(z)
1 + tmRmm
.
Supposing that m1 6= m2 we have
degPi;m(z; tm) = i+ 2m1 + 2m2 + 2, i /∈ {m1,m2},
degPm1;m(z; tm) = m1 + 2m2 + 1,
degPm2;m(z; tm) = m2 + 2m1 + 1.
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The orthogonality relations are∫ 1
−1
Pi;m(u; tm)Pj;m(u; tm)
τm(u; tm)2
du =
2
1 + 2i
δij , i /∈ {m1,m2} ,∫ 1
−1
Pm1;m(u; tm)
2
τm(u; tm)2
du =
2
1 + 2m1 + 2tm1
,
∫ 1
−1
Pm2;m(u; tm)
2
τm(u; tm)2
du =
2
1 + 2m2 + 2tm2
.
Confluent Darboux transformations can be applied more generally to construct exceptional Ja-
cobi polynomials that are isospectral deformations of classical Jacobi polynomials, and novel in-
stances of exceptional Jacobi and Laguerre polynomials that do not depend on deformation param-
eters. The isospectral confluent Darboux transformation described here will work in the same way,
with additional restrictions on the parameters to ensure the rationality of all operators. A more
exhaustive description of these matters will be provided in [7], together with a discussion of the
implications for the classification of exceptional polynomials.
Acknowledgements: MAGF would like to thank the Max-Planck-Institute for Mathematics in
the Sciences, Leipzig (Germany), where some of her work took place. DGU acknowledges support
from the Spanish MICINN under grants PGC2018-096504-B-C33 and RTI2018-100754-B-I00 and
the European Union under the 2014-2020 ERDF Operational Programme and by the Department
of Economy, Knowledge, Business and University of the Regional Government of Andalusia (project
FEDER-UCA18-108393).
References
[1] P.B. Abraham and H. E. Moses, Changes in potentials due to changes in the point spectrum: anharmonic
oscillators with exact solutions, Phys. Rev. A 22(4) (1980) 1333.
[2] N. Bonneux, Exceptional Jacobi polynomials, J. Approx. Theory 239 (2019) 72-112.
[3] A. Contreras-Astorga and A. Schulze-Halberg, Recursive representation of Wronskians in confluent supersym-
metric quantum mechanics. J. Phys. A 50(10) (2017) 105301.
[4] A. J. Dura´n, Higher order recurrence relation for exceptional Charlier, Meixner, Hermite and Laguerre orthogonal
polynomials, Integr. Transf. Spec. F. 26 (2015), 357–376.
[5] A. J. Dura´n, Exceptional Hahn and Jacobi orthogonal polynomials, J. Approx. Theory 214 (2017) 9-48.
[6] M. A. Garc´ıa-Ferrero, D. Go´mez-Ullate, and Robert Milson, A Bochner type characterization theorem for
exceptional orthogonal polynomials, J. Math. Anal. Appl. 472 (2019) 584-626.
[7] M. A. Garc´ıa-Ferrero, and D. Go´mez-Ullate, and Robert Milson, Confluent Darboux transformations and ex-
ceptional orthogonal polynomials, In preparation.
[8] F. Gesztesy and G. Teschl, On the double commutation method. Proceedings of the Amer. Math. Soc. 124(6)
(1996) 1831-1840.
[9] D. Go´mez-Ullate, F. Marcella´n, and R. Milson, Asymptotic and interlacing properties of zeros of exceptional
Jacobi and Laguerre polynomials, J. Math. Anal. Appl. 399 (2013), 480–495.
[10] D. Go´mez-Ullate, N. Kamran, and R. Milson, An extended class of orthogonal polynomials defined by a Sturm-
Liouville problem, J. Math. Anal. Appl. 359 (1) (2009) 352367.
[11] D. Go´mez-Ullate, N. Kamran, and R. Milson, A conjecture on exceptional orthogonal polynomials, Found.
Comput. Math. 13 (2012), 615–666.
[12] D. Go´mez-Ullate, A. Kasman, A. B. J. Kuijlaars and R. Milson, Recurrence Relations for Exceptional Hermite
Polynomials, J. Approx. Theory 204 (2016), 1–16.
[13] Y. Grandati, and A. Be´rard. Comments on the generalized SUSY QM partnership for Darboux–Po¨schl–Teller
potential and exceptional Jacobi polynomials. J. Eng. Math. 82(1) (2013) 161-171.
10 MARI´A A´NGELES GARCI´A-FERRERO, DAVID GO´MEZ-ULLATE, AND ROBERT MILSON
[14] D. Go´mez-Ullate, Y. Grandati, and R. Milson, Rational extensions of the quantum harmonic oscillator and
exceptional Hermite polynomials, J. Phys. A: Math. Gen. 47 (2014), 015203.
[15] Y. Grandati, and C. Quesne. Confluent chains of DBT: enlarged shape invariance and new orthogonal polyno-
mials, SIGMA 11 (2015) 061.
[16] A. D. Hemery and A. P. Veselov, Whittaker-Hill equation and semifinite-gap Schro¨dinger operators, J. Math.
Phys. 51 (2010), 072108.
[17] A´. P. Horva´th, The electrostatic properties of zeros of exceptional Laguerre and Jacobi polynomials and stable
interpolation, J. Approx. Theory 194 (2015), 87–107.
[18] W.Y. Keung-Yee, U.P Sukhatme and Q. Wang, Families of strictly isospectral potentials. J. Phys. A 22(21)
(1989) L987.
[19] A. B. J. Kuijlaars and R. Milson, Zeros of exceptional Hermite polynomials, J. Approx. Theory 200 (2015),
28–39.
[20] I. Marquette and C. Quesne, New families of superintegrable systems from Hermite and Laguerre exceptional
orthogonal polynomials, J. Math. Phys. 54 (2013), 042102.
[21] H. Miki and S. Tsujimoto, A new recurrence formula for generic exceptional orthogonal polynomials, J. Math.
Phys. 56 (2015), 033502.
[22] S. Odake and R. Sasaki, Infinitely many shape invariant potentials and new orthogonal polynomials, Phys. Lett.
B 679 (2009), 414–417.
[23] S. Odake, Recurrence Relations of the Multi-Indexed Orthogonal Polynomials : III, J J. Math. Phys. 57 (2016),
023514.
[24] S. Post, S. Tsujimoto, and L. Vinet, Families of superintegrable Hamiltonians constructed from exceptional
polynomials, J. Phys. A: Math. Gen. 45 (2012), 405202.
[25] C. Quesne, Solvable rational potentials and exceptional orthogonal polynomials in supersymmetric quantum
mechanics, SIGMA 5 (2009).
[26] A. Schulze-Halberg and B. Roy, Darboux partners of pseudoscalar Dirac potentials associated with exceptional
orthogonal polynomials, Ann. Phys. 349 (2014), 159–170.
[27] C.V. Sukumar, Supersymmetric quantum mechanics and the inverse scattering method, J. Phys. A 18(15)
(1985) 2937.
[28] G. Szego˝, Orthogonal Polynomials, Colloquium Publications, vol. 23, American Mathematical Society, 1939.
Institut fu¨r Angewandte Mathematik, Ruprecht-Karls-Universita¨t Heidelberg, Im Neunheimer Feld
205, 69120 Heidelberg, Germany
Departamento de Ingenier´ıa Informa´tica, Escuela Superior de Ingenier´ıa, Universidad de Ca´diz, 11519
Puerto Real, Spain.
Departamento de F´ısica Teo´rica, Universidad Complutense de Madrid, 28040 Madrid, Spain.
Department of Mathematics and Statistics, Dalhousie University, Halifax, NS, B3H 3J5, Canada.
E-mail address: garciaferrero@uni-heidelberg.de, david.gomezullate@uca.es,rmilson@dal.ca
